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' Abstract. We prove that every Teichmuller geodesic of a finite type 

surface contains a string of intersecting long, thick and dominant seg- 
ments, such that the distance between consecutive segments is bounded. 
This is key to obtaining some results about Teichmuller geodesies which 
mimic those for hyperbolic geodesies. These results have important ap- 
plications to results about the geometry of hyperbolic three-manifolds. 



1. Introduction 

Teichmuller geodesies of finite type surfaces are very interesting objects. 
They are interesting in their own right, but their properties also have im- 
portant applications. Two areas of applications come to mind. One area 
is dynamics, especially the dynamics of measured foliations, geodesic lam- 
inations and interval exchanges — and, of course the Teichmuller geodesic 
flow itself, and the dynamics of the mapping class group action on various 
boundaries — but the properties of Teichmuller geodesies do have dynamical 
implications at a much more basic level. The other application is to topol- 
ogy and geometry. Teichmuller space and Teichmuller geodesies were used 
to study the topology and geometry of spaces of critically finite branched 
coverings in [13] . Teichmuller geodesies have also been used to study the 
geometry of hyperbolic three-manifolds, especially those with finitely gen- 
erated fundamental groups. The links between these two general areas of 
applications - to dynamics, and to the topology and geometry of particular 
spaces — are very strong. 

In some respects, properties of Teichmuller geodesies mimic properties 
of hyperbolic geodesies. Indeed, the Teichmuller space for the torus with 
at most one puncture, or for a sphere with four punctures, is the hyper- 
bolic plane, and the geodesies are the usual hyperbolic geodesies. For all 
higher type surfaces, the Margulis decomposition of a hyperbolic surface 
into "thick" and "thin" parts induces an approximate product metric struc- 
ture on the corresponding "thin" parts of Teichmuller space, which conflicts 
with properties related to hyperbolic space. There are various strategies for 
dealing with this. One is to consider another space altogether, which has 
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stronger hyperbolic properties, such as the curve complex, which is Gromov 
hyperbolic [U [2] . Another strategy is to work directly with Teichmiiller 
space, and to project to suitable coordinates to get hyperbolic properties. 
It is this strategy which is followed with the theory of "long thick and domi- 
nant" pieces. This theory was originally developed in [13]. The development 
there was for punctured spheres — simply because of the application for 
which it was intended. In fact, the theory works equally well for any finite 
type surface . A related theory, was developed by Rafi, in his thesis |9j, with 
application to hyperbolic three-manifolds in mind. This theory has since 
been used extensively for example [TOl [HI 02] • 

The purpose of this article is to present a result (j3.7j) about the long 
thick and dominant pieces on Teichmiiller geodesies. Visually, the result is 
as follows. A Teichmiiller geodesic is a path through hyperbolic surfaces of 
a fixed finite type. Each surface on the path has a Margulis decomposition 
into thick and thin subsurfaces. On each surface, there is either at least 
one "thick" piece, which is "dominant" - which can loosely be taken to 
mean that the Teichmiiller distance is moving on this surface at about the 
same rate as the distance on the whole surface — or there is an annulus 
of large modulus on which the metric, induced by the quadratic differential 
associated to the quadratic differential, is approximately Euclidean - in 
which case the metric distance on this annulus is, once again, moving at 
approximately the rate of the distance on the whole surface. In each case, 
we call this subsurface "thick" — although an annulus of large modulus is in 
the thin part of the surface. For suitable parameters, these thick subsurfaces 
persist for some time along the geodesic. If they persist for a time which is 
regarded as sufficiently long, we call them long, thick and dominant pieces. 
One of the basic results of |13j was that long, thick and dominant pieces 
do exist, in any sufficiently long Teichmiiller geodesic. If one were to make 
a three-dimensional model of the geodesic, out of wood, say, then these 
long thick and dominant pieces would look like chunky beads strung out 
along a necklace, with the cross-section of each bead in the shape of some 
subsurface. These beads could be very large. If a geodesic lies entirely in 
the thick part of Teichmiiller space, then the model has a single bead, with 
cross-section in the shape of the whole surface, and running along the entire 
length of the necklace. But such geodesies are highly untypical. Precise 
quantification of the numbers and thicknesses of beads that one expects is 
not easy, but one certainly expects the number of beads to grow with the 
length of the geodesic, and that some of the beads will get more chunky with 
increasing length. In a broad sense, there is a huge and important literature 
related to this topic. The current purpose is concerned, more basically, 
with a property which holds for all geodesies. We will show that, for any 
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geodesic, or rather, for the necklace representation of any geodesic, there 
is a collection of beads, which cannot be moved more than a fixed length 
along the string without clashing against another bead in the collection. 
This means that the cross-sections of the adjacent beads in the collection 
intersect. It is then a consequence of the long, thick and dominant properties 
that the cross-sections of any two beads in the collection intersect. 

It is natural to expect that this property of the necklace implies a certain 
rigidity about manifestations of paths in Teichmuller space which might not 
be geodesic in the strict sense, but have some related properties: quasi- 
geodesic, perhaps. Such manifestations occur in any hyperbolic manifold 
of dimension three with finitely generated fundamental group, travelling 
out from the core to any one of the ends. The beads in this case can be 
smoothed out of pleated surfaces. Topologically, the same structure appears 
in a Teichmuller geodesic. Because of the immovability of the beads, more 
than a certain distance, the geometric structure on the two collections of 
beads, up to bounded distortion, is the same: one in the three-manifold, 
one in the Teichmuller geodesic of surfaces. So a model of part of the 
three-manifold is obtained, in terms of the geometry of the Teichmuller 
geodesic. By an inductive procedure, the model can be extended to the 
whole manifold. Ultimately, the geometric structure of the hyperbolic three- 
manifold can be completely described, up to bounded distortion. A proof of 
the Ending Laminations Theorem follows. This proof can be found in |14| . 

The proof of 13.71 given in [14] does have some errors, but the spirit of 
the proof is unchanged. The proof is surprisingly difficult - or, at least, 
it has elements which have not occurred in other related results, like the 
simple existence of long thick and dominants. Roughly speaking, rather 
than looking for a set of positive measure on a surface, we look for a small 
interval on a surface — reducing to a point in the limit — arising as an 
intersection of a decreasing sequence of intervals. By the same method we 
could produce a Cantor set of zero measure rather than a point, but not 
a set of positive measure. It is not clear why the proof is so difficult, but 
the reason could be significant, because the corresponding result for curve 
complexes — the existence of a tight geodesic — is comparatively trivial. 

2. Teichmuller space. 

2.1. Very basic objects in surfaces. Unless otherwise stated, in this 
work, S always denotes an oriented finite type surface without boundary, 
that is, obtained from a compact oriented surface by removing finitely many 
points, called punctures. One does not of course need an explicit realisation 
of S as a compact minus finitely many points. One can simply take S to 
be a finite type surface. Up to homeomorphism, S is a compact minus 
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finitely many points, with each end of S mapped homeomorphically to a 
neighbourhood of the omitted point on the compact surface. A multicurve 
r on S is a union of simple closed nontrivial nonperipheral loops on S, which 
are isotopically distinct, and disjoint. A multicurve is maximal if it is not 
properly contained in any other multicurve. Of course, this simply means 
that the number of loops in the multicurve is 3g — 3 + b, where g is the genus 
of S and b the number of punctures. A gap is a connected open subsurface 
a of a given surface S such that the topological boundary da of a in S is a 
multicurve. If T is a multicurve on S, a gap of T is simply a component of 
S \ (ur). If a is any gap, T is a multicurve in a if it satisfies all the above 
conditions for a closed surface, and, in addition, LIT C a and no loops in T 
are homotopic to components of da. A positively oriented Dehn twist round 
a loop 7 on an oriented surface S will always be denoted by r 7 . 

Let ai C S be a gap or loop for i = 1, 2, isotoped so that da\ and da2 
have only essential intersections, or with a\ C a2 if «i is a loop which can 
be isotoped into 0.2- Then the convex hull C(ai,a2) of a\ and 02 is the 
union of a\ U «2 and any components of S \ (a\ U 02) which are topological 
discs with at most one puncture. Then C{a\,a-2) is again a gap or a loop. 
The latter only occurs if a± = 02 is a loop. We are only interested in the 
convex hull up to isotopy, and it only depends on a\ and 02 up to isotopy. 
It is so called because, if «j is chosen to have geodesic boundary, and d~i 
denotes the preimage of «j in the hyperbolic plane covering S, then up to 
isotopy C(a±, 02) is the projection to S of the convex hull of any component 
of d\ U ct2- 

2.2. Teichmiiller space. We consider Teichmiiller space T(S) of a surface 
S. If ifi : S — >■ Si = (fi(S) is an orientation-preserving homeomorphism, and 
Si is a complete hyperbolic surface with constant curvature —1, then we 
define the equivalence relation <pi ~ <p2 if and only if there is an orientation- 
preserving isometry a : Si — > S2 such that a o (p 1 is isotopic to (f2- We 
define [ip] to be the equivalence class of ip, and T(S) to be the set of all such 
[<p], this being regarded as sufficient, since definition of a function includes 
definition of its domain. We shall often fix a complete hyperbolic metric 
of constant curvature — 1 on S itself, which we shall also refer to as "the" 
Poincare metric on S. 

Complete hyperbolic structure in dimension two is equivalent to complex 
structure, for any orientable surface S of finite topological type and negative 
Euler characteristic, by the Riemann mapping theorem. So endowing such 
a surface S with a complex structure defines an element of the Teichmiiller 
space T(S). More generally, the Measurable Riemann Mapping Theorem 
implies that supplying a bounded measurable conformal structure for S is 
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enough to define an element of T(S), and indeed T(S) is often (perhaps 
usually) defined in this way. 

2.3. Teichmiiller distance. We shall use d to denote Teichmiiller distance, 
so long as the Teichmiiller space T{S) under consideration is regarded as 
clear. Moreover a metric d will always be Teichmiiller metric unless other- 
wise specified. If more than one space is under consideration, we shall use 
ds to denote Teichmiiller distance on T(S). The distance is defined as 

d([<Pi], [<&]) = inf{^ log ||x||gc = [x ° <Pi] = M}, 

where 

||xll,c=||^(x)Hoo|, K( X )(z) = X(z)/ f i(z), 
where \{z) 2 > fJ-(z) 2 > are the eigenvalues of Dx^Dxz, and D\ z is the 
derivative of x at z (considered as a 2 x 2 matrix) and is its transpose. 
The infimum is achieved uniquely at a map x which is given locally in terms 
of a unique quadratic mass 1 differential q(z)dz 2 on tpi(S), and its stretch 
p(z)dz 2 on f2{S). The local coordinates are 

( = x + iy = / ^/qlfjdt, 

J zo 

C'= / vW)dt. 
With respect to these local coordinates, 

y 

X(0 = X(x + iy) = Ax + i- = ('. 

So the distortion K(x)(x + iy) = A is constant. The singular foliations 
x = constant and y = constant on <f(S) given locally by the coordinate 
x + iy for q{z)dz 2 are known as the stable and unstable foliations for q{z)dz 2 . 
We also say that q(z)dz 2 is the quadratic differential at [</?i] for d([ipi], [^2]), 
and p(z)dz 2 is its stretch at [^2]- 

2.4. Thick and thin parts. Let e be any fixed Margulis constant for di- 
mension two, that is, for any hyperbolic surface S, if S <£ is the set of points 
of S through which there is a nontrivial closed loop of length < e, then S< £ is 
a (possibly empty) union of cylinders with disjoint closures. Then (T(S)) <e 
is the set of [93] for which (cp(S)) <£ contains an least one nonperipheral cyl- 
nder. The complement of (T(S)) <£ is (T(S))> £ . We shall sometimes write 
simply 7< e and T> £ if it is clear from the context which surface is meant. 
We shall also write T(7,e) for the set of [tp] such that (ip(S)) <£ contains a 
loop homotopic to ^(7). If T is a set of loops, we write 

T(I»=U{T( 7 ,£):7er}. 
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2.5. Length and the interpretation of Teichmiiller distance. We fix 

a surface S. It will sometimes be convenient to fix a hyperbolic metric 
on S, in which case we shall use I7I to denote length of a geodesic path 
7 with respect to this metric. With abuse of notation, for [92] G T(S) 
and a nontrivial nonperipheral closed loop 7 on S, we write |</?(7)| for the 
length, with respect to the Poincare metric on the hyperbolic surface ^p(S), 
of the geodesic homotopic to 92(7). We write (95(7)1' for a modification 
of this, obtained as follows. We change the metric in eo-Margulis tube 
of <p(S), for some fixed Margulis constant eq, to the Euclidean metric for 
this complex structure in the eo/2-Margulis tube, so that the loop round 
the annulus is length ^1^(7)1 > anc ^ a convex-linear combination with the 
Poincare metric between the eo-Margulis tubes and eo/2-Margulis tubes. 
Then we take |v?(7)|' to be the length of the geodesic isotopic to 93(7) with 
respect to this modified metric. If the geodesic homotopic to 97(7) does not 
intersect any Margulis tube, then, of course, | V (t) | = |v(t)|'- Then for a 
constant C depending only on S and Eq. 

(2.5.1) |Max{| logical'- log M7)!'! : 7 e T} - d([pi], fc> 2 ])| < C. 

Here, V can be taken to be the set of all simple closed nonperipheral nontriv- 
ial closed loops on S. This estimate on Teichmiiller distance derives from the 
fact that 1 92(7) |' is inversely proportional to the largest possible square root 
of modulus of an embedded annulus in S homotopic to 99(7). See also 14.3, 
14.4 and 14.7 of |13j (although the square root of modulus was mistakenly 
left out of p3]) but this estimate appears in other places, for example [jjj. 
We can simply take T to be any set of simple closed nontrivial nonperipheral 
loops on S such that that every component of 5 \ (ur) is a topological disc 
with at most one puncture. We shall call such a loop set cell-cutting 

2.6. Projections to subsurface Teichmiiller spaces. For any gap a C 

S, we define a topological surface S(a) without boundary and a continuous 
map ir a : T(S) — > T(S(a)). We define ip a (S(a)) by defining its conformal 
structure. After isotopy of 99, we can assume that all the components of 
9?(<9a) are geodesic. We now write 97(a) for the compactification of 93(a) 
obtained by cutting along (p(da) and adding boundary components, each 
one isometric to some component of <p(da). Then we form the Riemann 
surface (p a (S(a)) by attaching a once-punctured disc {z : < \z\ < 1} 
to 93(a) along each component of ip(dat), taking the attaching map to have 
constant derivative with respect to length on the geodesies cp(da) and length 
on the unit circle. Then we define (p a = 97 on a and then extend the map 
homeomorphically across each of the punctured discs. Then [(p a ] is a well- 
defined element of T{S(a)). 
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Now let a be a nontrivial nonperipheral simple closed loop. Fix an ori- 
entation on a Then we define 

S(a)=C\{±2,±±}. 

Now we define an element [<p a ] = ir a ([(p]) G T(S(a)), for each [cp] G T(S), 
as follows. Fix a Margulis constant e. If 1 92(a) | < £, let A be the closed e- 
Margulis tube in (f(S) homotopic to (p(a). If 1 92(a) | > let A be the closed 
^-neighbourhood of the geodesic homotopic to ip(a) where r\ is chosen so 
that A is an embedded annulus, and thus can be chosen bounded from if 
|9?(a)| is bounded above. Fix a simple closed geodesic /3(a) which intersects 
a at most twice and at least once, depending on whether or not a separates 
S. We can assume after isotopy that 93(a) and ip((3(a)) are both geodesic, 
and we fix a point xi(a) G tp(a n /3(a)). We make a Riemann surface Si 
homeomorphic to the sphere, by attaching a unit disc to each component 
of dA, taking the attaching maps to have constant derivative with respect 
to length. Then we define (p a to map C to S\ by mapping {z : \z\ = 1} 
to (p(a), 1 to x ± (a), {z : \ < \z\ < 2} to A and {z G R : \ < z < 2} 
to the component of (p(f3(a)) n A containing a. Then ip a (S(a)) is a four- 
times punctured sphere and so we have an element [<p a ] G T(S(a)). Now 
the Teichmiiller space T(S(a)) is isometric to the upper half plane H 2 with 

metric hdp, where dp denotes the Poincare metric 7, • This is well- 

known. We now give an identification. Let ([(/?]) = w a ,/9(a)(M) be the 
integer assigning the minimum value to 

m-H<p(T™G0(a))|. 

If there is more than one such integer then we take the smallest one. There 
is a bound on the number of such integers of at most two consecutive ones. 
We see this as follows. Let I be a geodesic in the hyperbolic plane and let g 
be a Mobius involution such that g.l is disjoint from, and not asymptotic, 
to I, and such that the common perpendicular geodesic segment from I to 
g.l meets them in points xo, g-Xo, for some xq G t. Then the complete 
geodesies meeting both i and g.l and crossing them both at the same angle, 
are precisely those that pass through points x and g.x for some x G I, and 
the hyperbolic length of the segment joining x and g.x increases strictly 
with the length between xo and x. This implies the essential uniqueness of 
n, as follows. We take I to be a lift of </?(a) to the universal cover, and let 
l\ be another lift of (p(a), such that some lift of (p(f3(a)) has endpoints on 
I and l\. Then g is determined by making l\ = g.l for g as above. But also 
(■1 = 92-£, where 52 is the element of the covering group corresponding to 
(p(j3(a)). We also have an element g± of the covering group corresponding 
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to <p(oc), which preserves £ and orientation on £. Then \<p(i~™(l3(a)))\ is the 
distance between x and g.x for the unique x such that some lift of a loop 
freely homotopic to <p(T™(/3(a))) has endpoints at x and g.x. The endpoints 
are g^.y and g 2 .y for y such that x = g^ m '.y. So x is determined by the 
y = y m such that g.x = g 2 -gT- x - So tnen d(x,x ) = \d{x Q , g~ l g 2 g™ .x ) , 
which takes its minimum at either one, or two adjacent, values of m. 

Then the isometric identification with H 2 can be chosen so that, if we use 
the identification to regard 7r Q as a map to H 2 , 

(2.6.1) 7r Q (M) = n a (M) + ^(a)r 1 + 0(1)- 

If a is either a gap or a loop we now define a semimetric d a by 

d a {[<Pl], [P2\) = d 5(a) (7r Q ([v3i]),vr a ([v9 2 ])). 

3. Teichmuller GEODESICS: long thick and dominant definitions. 

In this section we explain and expand some of the ideas of long thick 
and dominant (ltd) segments of geodesies in Teichmuller space T(S) which 
were used in |13j . The theory of [13] was explicitly for marked spheres only, 
because of the application in mind, but in fact the theory works, without 
adjustment, for any finite type surface, given that projections Tr a to smaller 
Teichmuller spaces T(S(a)) for subsurfaces a of 5 have been defined in 12.61 
For proofs, for the most part, we refer to [13j . The basic idea is to get into a 
position to apply arguments which work along geodesies which never enter 
the thin part of Teichmuller space, by projecting to suitable subsurfaces a 
using the projections TT a of 12.61 We use the basic notation and theory of 
Teichmuller space T(S) from Section [2j 

3.1. Good position. Let [up] G T(S). Let q(z)dz 2 be a quadratic differen- 
tial on (p(S). All quadratic differentials, as in 12. 3\ will be of total mass 1. 
Let 7 be a nontrivial nonperipheral simple closed loop on S. Then there is 
a limit of isotopies of 99(7) to good position with respect to q(z)dz 2 , with 
the limit possibly passing through some punctures. If 7 is the isotopy limit, 
then either 7 is at constant angle to the stable and unstable foliations of 
q(z)dz 2 , or is a union of segments between singularities of q{z)dz 2 which 
are at constant angle to the stable and unstable foliations, with angle > ir 
between any two consecutive segments at a singularity, unless it is a punc- 
ture. An equivalent statement is that 7 is a geodesic with respect to the 
singular Euclidean metric |g(z)|(i|z| 2 . If two good positions do not coincide, 
then they bound an open annulus in <p(S) which contains no singularities of 
q(z)dz 2 . See also 14.5 of [33]. 

The q-d length |y(7)| 9 is length with respect to the quadratic differential 
metric for any homotopy representative in good position. (See 14.5 of [13].) 
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We continue, as in Section O to use (99(7)1 to denote the hyperbolic, or 
Poincare, length on <p(S) of the geodesic on (f(S) homotopic to 93(7). If 
[99] £ T> e then there is a constant C{e) > such that for all nontrivial 
nonperipheral closed loops 7, 

1 / Hi)U 



< T^rf < C{e) 



C(e) ~ |^(7)| 

We also define | V^Ct) l<?,+ t° De the integral of the norm of the projection 
of the derivative of 93(7) to the tangent space of the unstable foliation of 

q(z)dz 2 , and similarly for | (t) I <?, - So these are both majorised by (93(7) \ q , 

which is, in turn, majorised by their sum. 

3.2. Area. The following definitions come from 9.4 of |13j. For any essential 
nonannulus subsurface a C S, a(a, q) is the area with respect to q(z)dz 2 of 
99(a) where ip(da) is in good position and bounds the smallest area possible 
subject to this restriction. If a is a loop at x then a(a, q) is the smallest 
possible area of an annulus of modulus 1 and homotopic to 92(a). We are 
only interested in this quantity up to a bounded multiplicative constant. It 
is boundedly proportional to |v?(a)|^ whenever 99(a) is in good position, and 
|99(a)| is bounded. We sometimes write a(a,x) or even a(a) for a(a,q), if it 
is clear from the context what is meant. 

Generalising from 13.1] there is a constant C(e) such that, if 99(a) is ho- 
motopic to a component of (ip(S))> s , then for all nontrivial nonperipheral 
non-boundary- homotopic closed loops 7 6 a, 

1 ,../..m^ l¥>(7)l, 



|99(7)| < ; , '? " = < C( £ )|^(7)l- 



y/a(a, q) + ajda, q) 

Now suppose that t is a directed geodesic segment in T(S) containing 
[99], and that q(z)dz 2 is the quadratic differential at [99] for cZ( [99], [?/>]) for 
any [ip] in the positive direction along £ from [99] (see 12.21 ) Let p(z)dz 2 be 
the stretch of q{z)dz 2 at [ip], and let x be the minimum distortion map with 
[x 99] = [ip]. Then x maps the q-area element to the p-area element. Then 
a(a, q) = a(a,p) if a is a gap, but if a is a loop, a(a, y) varies for y G t. 

If a is a gap, we define a' (a) = a(a). Now suppose a is a loop. We define 
a' (a, [up], q) (or simply a' (a) if the context is clear) to be the g-area of the 
largest modulus annulus (possibly degenerate) homotopic to 99(a) and with 
boundary components in good position for q(z)dz 2 . Then in both cases, gap 
and loop, a' (a) is constant along the geodesic determined by q(z)dz 2 . 

3.3. The long thick and dominant definition. Now we fix parameter 
functions A, r, s : (0, 00) — > (0, 00) and a constant Kq. 

Let a be a gap. Let £ be a geodesic segment. We say that a is long, v- 
thick and dominant at x (for £, and with respect to (A, r, s)) if x 6 £ is the 
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centre of a segment £\ in the geodesic extending £ of length 2A(z/) such that 
IVKt)! — v f° r au bP] ^ ^l an d nontrivial nonperipheral 7 C a not homotopic 
to boundary components, but £\ C T(da,r(v)) and a(da,y) < s(v)a(a,y) 
for all y & £±. We shall then also say that a is long z/-thick and dominant 
along £ x . See 15.3 of [13]. 

A loop a at x is K^-flat at x = [cp] (for £) if a' (a) > Koa(a). This was 
not quite the definition made in [13] where the context was restricted to S 
being a punctured sphere, but the results actually worked for any finite type 
surface. The term arises because if a is Kg-Rat then the metric \q(z)\dz 2 
is equivalent to a Euclidean (flat) metric on an annulus homotopic to ip{ot) 
of modulus Kq — 0(1). For fixed Kq we may simply say flat rather than 
ifo-flat. 

In future, we shall often refer to parameter functions as quadruples of the 
form (A, r, s, Kq). For a fixed quadruple, we shall refer to (a,£) as ltd if 
either a is a gap which is long, v- thick and dominant along £ with respect 
to these parameter functions, or a is a loop which is -Ko-flat along I. 

If (a,£) is ltd, and a is a gap, then d a (x,y) is very close to d(x,y) for 
all x, y £ £. This is a consequence of the results of Section 11 of [13J. For 
us, here, the fact that the two quantities differ by some additive constant is 
sufficient motivation. It is also probably worth noting (again by the results 
of Chapter 11 of [13J ) that if [ip] £ £ and 7r a ([ip]) = [p a ], then ip a (S(a)) 
and the component S(a,r(i/),[<p]) of (ip(S))> r r u \ homotopic to 92(a) are 
isometrically very close, except in small neighbourhoods of some punctures, 
and the quadratic differentials q(z)dz 2 / a(a) at [ip] for c£([y?], ([ip] £ £) 
and the quadratic differential q a (z)dz 2 at [ip a ] for d a ([ip], [ip]), are very close. 
We refer to |13] for the main applications of ltd's, including a thin triangle 
result. 

3.4. We now show that ltd's exist, in some abundance. This was the content 
of the first basic result about ltd's in 15.4 of |13j . which was stated only for 
S being a punctured sphere, but the proof worked for a general finite type 
surface. 

Lemma For some uq and Ao depending only on (A, r, s, Kq) (and the topo- 
logical type of S), the following holds. Any geodesic segment £ of length > Aq 
contains a segment £' for which there is a such that one of the following 
holds. 

. a is a gap which is long u-thick and dominant along £' for some 
v > vq and a(a) > l/(—2x(S) + 1) = c(S) (where x denotes Euler 
characteristic. 

. a is a Ko-flat loop along £' and a(a) > cq, where cq depends only on 
the topological type of S and the ltd parameter functions 
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More generally, there is so depending only on (A, r, s,Kq) (and the topolog- 
ical type of S) such that, whenever uj C S is such that a(doj) < soa(u), then 
we can find a as above with a C oj and a{a) > coa(u). 

Proof. (See also 15.4 of [13].) We consider the case u) = S. Write r\(y) = 
e" A '"V(i/). Let g = —2x(S) > 2 and let rf denote the g-fold iterate. We 
then take 

vq = rf(e ) 

for a fixed Margulis constant eq and we define 

A = 2^A(ri( £o )). 

Then for some j < g, we can find v = rj(eo) and [</?] G £ such that the 
segment £' of length 2A(i/) centred on y = [tp] is contained in £, and such that 
for any nontrivial nonperipheral loop 7, either | v^'Ct) I — v f° r all W\ £ £' , or 
|y(7)| — r i( zy ) — m which case |^'(7)| < r(u) for all [<//] € For any loop 7 
with |i/?(7)| < So, if /3 is a gap such that 7 C 9/3 and there is a component of 
(<yp(5))> eo homotopic to </?(/?) and separated from the flat annulus homotopic 
to (^(7) by an annulus of modulus Ai, we have, since every zero of q(z)dz 2 
has order at most 2g, for a constant C\ depending only on the topological 
type of S, 

(3.4.1) C7V7, M)e Al < o(/3) < da( 7 , [ V ])e^ +2 ^ . 

Now let (3 be a subsurface such that </2(/3) is homotopic to a component 
S^/?, z/) of (ip(S))> u or ((^(S 1 ))^^ such that a'(/3) + a'(<9/3) is of maximal area, 
where (3 = df3 if f3 is a loop. This means that 

^]+^)>|, 

with l/3g replaced by 1/g, if /3 is a gap. Then by (|3.4.ip . we have a bound 
of 0{e <y2g + 2 s)/ 1/ ) on the ratio of areas of any two components of ((p(S))> Eo 
in S(/3, v). If there is a component 7 of df3 such that 

a' irf) > e- 1/( " riM) a'(/3), 

then we take 7 = 0, and 7 is -fTo-Hat at [92], assuming that r(v) is sufficiently 
small, for all v given Kq, and the lower bound on a'(/3) gives the required 
lower bound of a'{j) > Co, for cq depending only on uq, that is, only on 
(A, r) and the topological type of S. Otherwise, we take /3 = a, and we 
have, for all y' G £', 

a(da,y') < e AM e- 1/( " rM) a(a). 

Assuming r(v) is sufficiently small given s{v) and A(i^), q is long z^-thick 
and dominant along £' for (A,r, s), and a(a) > l/(g + 1), as required. 
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The case to = S is similar. We only need sq small enough for a(dui)/a(io) 



Because of this result, we can simplify our notation. So let vq be as above, 
given (A,r, s, Kq). We shall simply say a is ltd (at x, or along £i) if either 
a is a gap and long i/-thick and dominant for some v > z/q, or a is a loop 
and Ko-Qat, at x or along l\. We shall also say that (a, £i) is ltd, and, if 
we want to be more specific, we shall say that (a,li) is ltd with respect to 
(A,r,s,K ,v ). 

3.5. We refer to Chapters 14 and 15 of |13j for a summary of all the results 
concerning ltd's, where, as already stated, the context is restricted to S being 
a punctured sphere, but the results work for any finite type surface. The 
main points about ltd's are, firstly, that they are good coordinates, in which 
arguments which work in the thick part of Teichmuller space can be applied, 
and secondly that there is only bounded movement in the complement of 
ltd's. This second fact is worth scrutiny. It is, at first sight, surprising. It is 
proved in 15.14 of [13], which we now state, actually slightly corrected since 
short interior loops in a were forgotten in the statement there (although the 
proof given there does consider short interior loops) and slightly expanded 
in the case of a being a loop. 

Lemma Fix long thick and dominant parameter functions (A,r,s,Ko), 
and let vq > also be given and sufficiently small. Then there exists 
L = L(A, r, s, Kq, vq) such that the following holds. Let I be a geodesic 
segment and let £\ C I and let f3 C S be a maximal subsurface up to homo- 
topy with the property that (3 x l\ is disjoint from a x £' for all ltd's (a,£') 
with respect to (A, r, s, Kq, uq). Suppose also that all components of d(3 are 
nontrivial nonperipheral. Then f3 is a disjoint union of gaps and loops j3\ 
such that the following hold. 



If Pi is a gap, then for all [<p] , [tp] £ t\ and nontrivial nonperipheral non- 
boundary-parallel closed loops j in (3\, 



to remain small along a sufficiently long segment of £. 



□ 



(3.5.1) 




(3.5.2) 



L 



i 



< 



|V(7)| ; 




1^(7)1' 



(3.5.3) 



Hl)\>L 



i 



If Pi is a loop, then for all [tp], [ip] E l\ 



(3.5.4) 



|Re(7r A (M)-7r^([^))|<X. 
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Also if 7 is in the interior of f3, and £\ = [[<pi], [^2]], then given e± > 
there exists £2 > depending only on E\ and (A, r, s, Kq, uq) such that 

If |^(7)| < £2, then 
(3.5.5) Mm(|^i(7)|, ^2(7)!) < e 1: and 

Max(|^ (7)|,|^ 2 (7)|) <L. 

If (|3XTI) . and either (^X2l) and ([333]), or (|3X4l) hold for (/?i,£i), de- 
pending on whether j3\ is a gap or a loop, we say that ((3i,£i) is bounded (by 
L). Note that L depends on the ltd parameter functions, and therefore is 
probably extremely large compared with A(z^) for many values of u, perhaps 
even compared with A(fo). 

Here are some notes on the proof. For fuller details, see 5.14 of [13J. 
First of all, under the assumption that dj3 satisfies the condition (|3.5.ip . 
it is shown that /? is a union of (3\ satisfying (|3.5.ip to (|3.5.3|) . First, we 
show that (|3.5.2h holds for all 7 C (3 such that |^i(7)| is bounded from 
for i = 1, 2, and that (|3.5.5p holds for j3. This is done by breaking £ into 
three segments, with a'((3) dominated by |c/?(<9/3)|g on the two outer segments 
£-, £+, where q(z)dz 2 is the quadratic differential at [up] for i. The middle 
segment [[<£-], [</?+]] has to be of bounded length by the last part of I3.4L since 
there are no ltd's in f3 along £. Then \Lp{df$)\ q is boundedly proportional to 
\tf{dp)\ q - along and to \tp{dj3)\ qt+ along £ + . We can obtain (|3.5,2p along 
£+, at least for a nontrivial /?' C /3 for which we can "lock " loops ^(7), for 
which |y(7)| is bounded, along stable segments to ip(d/3). If (3' 7^ /3 and 
7' C d/3' is in the interior of (3, then either |</?+(7')l is small, or |<^ + (7')| 9+ 
is dominated by |</? + (7 / )| g+j _, where q + (z)dz 2 is the stretch of q(z)dz 2 at 
[<p+]- In the case when |</j + (7')| is small, there is some first point [<p++] G £+ 
for which \ip ++ ('y')\ q++ is dominated by \(p + +(j')\ g++ -, where q ++ (z)dz 2 
is the stretch of q(z)dz 2 at [<£++]■ For this point, |<yP ++ (7 / )| is still small, 
and can be locked to a small segment of (p++(d/3). This means that we can 
deduce that 1^2(7') I i s small, giving (|3.5.5p . So one proceeds by induction 
on the topological type of /?, obtaining (|3.5.2f) and (I3.5.5P for (3 from that for 
(3\(3' . Then (|3.5.5p and (|3.5.2p imply that the set of loops with | v^i (t) I < £ i 
or 1922(7)1 < £1, for a sufficiently small £1, do not intersect transversally. 
This allows for a decomposition into sets j3\ satisfying (|3,5.ip . (|3.5.2p and 
(|3.5.3p . One then has to remove the hypothesis (|3.5.ip for df3. This is done 
by another induction, considering successive gaps and loops f3' disjoint from 
all ltd's along segments £' of £, with \tp(d{3')\ < £0 for [ip] G possibly with 
d/3' = 0. One then combines the segments and reduces the corresponding 
f3', either combining two at a time, or a whole succession together, if the 
(3 1 are the same along a succession of segments. In finitely many steps, one 
reaches ((3,£) finding in the process that 8(3 does satisfy (|3.5.ip . 
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As for showing that (3 satisfies (|3.5.4p . that follows from the following 
lemma — which is proved in 15.13 of [13] . but not formally stated. Note 
that if /3 is a loop, a!{J3, [<p]) is constant for [<p] in a geodesic segment £, but 
a(/3,q) is proportional to |v?(/3)|q (if q(z)dz 2 is the quadratic differential at 
[<p] for £), which has at most one minimum on the geodesic segment and 
otherwise increases or decreases exponetially with distance along the seg- 
ment, depending on whether | | 9 is boundedly proportional to \(p(/3)\ qt+ 
or \tp{j3)\ q -. So for any Kq, the set of [p] G t for which a'(/3) > Koa(/3, [<p]) 
is a single segment, up to bounded distance. This motivates the following. 

Lemma 3.6. Given Kq, there is C(Kq) such that the following holds. Let 
£ be any geodesic segment. Suppose that j3 is a loop and a'(/3) < Kqo(P, [<p]) 
for all [ip] G £. Then for all [up], [tp] G £, 

\MMM)-MW\))\<c(Ko)- 

Proof. The argument is basically given in 15.13 of [13] . Removing a segment 
of length bounded in terms of Kq, eq at one end, we obtain a reduced segment 
£' such that that a' (/?) < £oa(P, [p]) for all [cp] G £'. We use the quantity 
np{[ip\) of 12.61 which is Re(7rg([y>])) + O(l) and is given to within length 
0(1) by m minimising ^("^(C))! f° r a fixed £ crossing /3 at most twice (or 
a bounded number of times). This is the same to within 0(1) as the m 
minimising \tp( T B l (C))\q f° r anv quadratic differential q(z)dz 2 . (To see this, 
note that the shortest paths, in the Poincare metric, across a Euclidean 
annulus {z : r < \z\ < 1}, are the restrictions of straight lines through 
the origin.) Assume without loss of generality that |y(/3)| 9 is boundedly 
proportional to \ip({3)\ qt+ for [p] G £, and q(z)dz the quadratic differential 
at [p] for £. The good positions of p(tJP(C)) for all m are locked together 
along stable segments whose qd-length is short in comparison with |y>(/3)| ? , 
if £o is sufficiently small. So ng ([<£>]) varies by < 1 on £, and is thus constant 
on £', if £o is sufficiently small, and hence varies by at most C{Kq) on £.0 

3.7. A Chain of ltd's. Now the result we are aiming for is the following. 
The proof of this result is different in character from that of 13.41 being, 
essentially, a construction of a zero measure Cantor set, while 13741 obtained a 
set with a lower bound on area. This result is in any case more sophisticated, 
because it uses 13.51 — and hence also 13.41 — in the course of the proof. This 
result can be regarded as a parallel to the existence of a tight geodesic in 
the curve complex used by Minsky et al.. [6j [3]. For reasons which are not 
entirely clear to me, but which may be significant, this result appears to be 
much harder to prove. 

Theorem Fix long thick and dominant parameter functions and flat con- 
stant (A, r, s, Kq). Then there exist Aq, Sq > and vq depending only on 
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(A,r, s,Kq) and the topological type of S such that the following holds. Let 
[UOtUt] = [[<Po], [yr]] be any geodesic segment in T(S) of length T > Aq, 
parametrised by length. Then there exists a sequence (oti,li) (1 < i < Rq) 
such that: 

• (cti,li) is ltd with respect to (A, r, s, Kq), and u-thick for some v > vq 
if a.i is a gap; 

• (cti,li) < (ai + i, £i + \) for i < Ro, where the ordering < is as in \4-5\ 
that is, ti ends before starts, and a% n a-j+i 7^ 0; 

• each segment of [yo,yT] of length Aq intersects some li; 

• a'(cti) > 6 Q . 

4. The proof of Theorem 13.71 

4.1. Idea of the proof. Throughout this chapter, we let {yt : t E M} be 
a fixed Teichmiiller geodesic, containing the segment [yo>2/r] which is the 
subject of Theorem 13.71 Here, t parametrises length with respect to the 
Teichmiiller metric. We write yt = [<pt] = [xt <A)]> with xt minimising 
distortion, with quadratic differential qo(z)dz 2 and yo and stretch qt(z)dz 2 
at yt (see also I2.3() . We shall write \.\t for |.| 9t and | • \t,+ and | • \t- for 
the unstable and stable lengths | • | 9t) _|_ and | • \ qt - respectively. (See 13.11 for 
definitions.) 

We shall prove Theorem 13.71 by showing that, if Ao is sufficiently large, 
for some t\ E [0, Ao] and for some segment of unstable segment (1 C fo(ai), 
and some £ E (1, for every Teichmiiller geodesic segment I of length Ao, 
along [yo,yT], there is an ltd (ai,£i) with i% <Z i and £ E ipo(ai). It then 
follows that the intersection of all such <£>o(ctj) is nonempty, and therefore 
any two such a» intersect essentially. It is not the case that any sequence 
(cti,£i) for i < j is extendable, and this is the main obstacle that we have 
to overcome. 

All the ltd's (aj,£j) have to be viewed in terms of £i n ipo(aj). In partic- 
ular, we need to choose <x/+i so that 

ipo(aj) n cp (a j+ i) n Ci + 0. 

We transfer this to showing that, for a suitable tj such that \(ff. (dctj)\ is 
bounded at [(ftA, and for a given Q C Ci H <po(oij), 

^(«j)n^(aj + i)nx tj ((j) ^0- 

Basically, we will need to choose otj + \ intersecting otj so that (p t .(otj+i) n 
Xtj (Cj) is m the complement of a "bad subset" of tp t . (aj)Cixtj (Cj)i where the 
"bad subset" contains all (p^ {j3)f\Xtj (Cj) such that /3 is bounded along a suit- 
ably chosen sufficiently long Teichmiiller geodesic segment i C [yti,ytj+A ]- 
This requires showing that the bad subset is sufficiently small in a useful 
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sense. One thing that we can do, as we shall see, is to bound a'(/3) for these 
(3. We use a'(f3) rather than a(/3), as a'(f3) records the area of a subset 
of (ft(S) which is constant as t varies. But this is not enough, because an 
area bound is clearly not enough to bound length of intersection with an arc 
Xtj (Cj) C iptj (,$)■ We need to bound the set of such ip tj (f3) n Xu (Cj) within a 
set of a certain shape: a union of intervals which are sufficiently short, and 
bounded apart by intervals which are sufficiently long. It turns out that we 
can do this, provided we enlarge the bad set in a certain way. The method 
involves a careful comparison between Poincare distance along the surfaces 
of the Teichmiiller geodesic [yo, i/t], and the distance determined by the dif- 
ferent quadratic differentials qt(z)dz 2 . In particular, we will use properties 
of the graph of the qd-length function log \cpt(d/3)\t. We will do this in 14.61 

But first we recall the partial order properties of ltd's, which are derived 
as follows. The whole of the theory of ltd gaps and loops is based on a 
simple dynamical lemma which quantifies density of leaves of the stable and 
unstable foliations of a quadratic differential. This is basically 15.11 of [13j . 
But the statement is slightly more general. 

Lemma 4.2. Let a deceasing function e : (0, oo) — > (0, oo) be given. Then 
there is a function L : (0, oo) x (0, oo) —> (0, oo) which is decreasing in the 
first coordinate and increasing in the second, such that the following holds. 
Let [tp] £ T(S) and let q(z)dz 2 be a quadratic differential at [up]. Let a be 
a gap with ip(da) in good position, with a(a) = a and \<p(da)\ q < My/a. 
Let J C tp(a U da) be a segment of stable foliation with \ J\ q > dy/a. Then 
either every unstable segment in ip(aL)da) of length > L(5, M)y/a intersects 
JU ip{da) or there is a closed loop 7 C int(a) with |y(7)|<j < Ly/a for some 
L < L(5,M), and \<p(j)\ q ,- < e(L)y/a. 

Similar statements hold with the role of stable and unstable reversed. 

Proof. By taking the oriented cover of the unstable foliation, we can assume 
without loss of generality that both the stable and unstable foliations are 
orientable. Then we fix a segment J of stable foliation with \J\ q > d\/a. 
We write J = U^ =1 Jj, and all unstable leaves starting from the interior of 
Jj in the positive direction either return to Jj without hitting singularities, 
or cross ip(a) without hitting singularities. Write Rj for the trapezium with 
base Jj formed in this manner. We number so that \Ji\ q is decreasing in 
i. Then| J\\ q > Sy/a/p and hence all unstable segments in R\ have unstable 
length < (p/5 + M)y/a if the segments cross (p(da) — using the bound 
\(p(da)\ q < My/a and one segment being of qd-length < py/a/5. Similarly 
all unstable segments in Rj have unstable length < a/\ Jj\ q + My/a. Write 
Xj = I Jj\ q /y/a. Either Y2k>j x k ^ s{l/xj + M) - in which case we also 
have Xj + \ > e(l/xj + l/5)/p — or there is a least j such that Ylk>j x k < 
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e(l/xj + M). In the first case we can write g(x) = e(l/x + M)/p - which 
is an increasing function of x - and we obtain X{ > g l ^ 1 (p/S + M) for all i, 
where g 1-1 is the i-fold composition. In the second case we obtain this for 
i < j. So we obtain the result for L(5, M) = l/(gP~ 1 (p/6 + M)). □ 

Corollary 4.3. Given 5 > 0, the following holds for suitable ltd parameter 
functions (A,r, s,Kq) and for a suitable function L{5,v). Let a be a gap 
which is long v -thick and dominant along a segment £ = [[(pi], [<P2\] and let 
[ip\ E £ with d{[tp], [yi]) > A(z/). Let q(z)dz 2 be the quadratic differential at 
[if] for d([(p], [<P2]) with stable and unstable foliations Q±. Let a = a(a,q). 

Then there is no segment of the unstable foliation of qd-length < 2L(v, 8)yfa 
with both ends on (p(da), and every segment of the unstable foliation of qd- 
length > L(u,S)y/a in ip{a) intersects every segment of stable foliation of 
length > 5yfa. 

Similar statements hold with the role of stable and unstable reversed. 

Proof. We apply the lemma with e(L) = C{v)L~ l for a suitable constant 
C{y) relating the qd-metric and Poincare metric, which ensures that if the 
second option |y(7)|g < Ly/a and |^?(7)| g < e{L) holds for L bounded in 
terms of A(z/) and 7 C a then there is [tp] G [[<pi], [<p]\ with | -0 Ct) | < v, 
contradicting z^-thickness. Also if there is ( C a with endpoints on da and 
not nomotopic into the boundary such that tp(C) is a segment of unstable 
foliation and |y(C)l < L(i>, 5), then adding in arcs along da we again obtain 
a loop 7 C a and [tp] G [[yi],M] with IV 7 (7) I < which again gives a 
contradiction. □ 

4.4. Loops cut the surface into cells. There are two fairly simple, but 
key, results, both of which follow directly from 14.21 These properties are 
used several times in [13], but may never be explicitly stated. The first 
may be reminiscent of the concept of tight geodesies in the curve complex 
developed by Masur and Minsky [5], and the point may be that these occur 
"naturally" in Teichmiiller space. 

Lemma Given L > 0, there is a function Ai(i/) depending only on the 
topological type of S, such that the following holds for suitable parameter 
functions (A,r, s, Kq) Let a be a gap which is long v-thick and dominant 
along I for (A,r, s, Kq), with A(u) > Ai(z/). Let y\ = [<pi], J/2 = [^2] G £ 
with d(yi,y2) > Ai(z/). Let 7$ C a with |v?i(7i)l < L, i = 1, 2. 

Then a\(7iU72) is a union of topological discs with at most one puncture 
and topological annuli parallel to the boundary. Furthermore, for a constant 
C 1 = C 1 (L,u), 

#(71^72) > C 1 expd(y 1 ,y 2 ). 
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Proof. Let [cp] be the midpoint of [[tpi], [^2]}, and let q(z)dz 2 be the qua- 
dratic differential for d([ip], [992]) at [<£>]• As before, write a = a(a). Because 
I V'C'T*)! - 17 f° r au e [[yi]j [^2]], by 13.21 the good position of 991(71) 
satisfies 

|^i(7i)l<?,+ > C{L,v)*/a, 
and similarly for 1 9^2 (T2) I <?,— ■ So 

|^( 7l )| 9 , + >C(L, I ,)e Al W/ 2 ^ ; 

b(72)| 9 ,- > C(i,^)e AlM/2 ^. 

Then H2] implies that, given e, if Ai(z/) is large enough given e, 99(71) cuts 
every segment of stable foliation of q(z)dz 2 of qd-length > Eyfa and 99(72) 
cuts every segment of unstable foliation of q{z)dz 2 of qd- length > e^/a. So 
components of 99(a) \ (99(71) U 99(72)) have Poincare diameter < v if Ai(z^) is 
sufficiently large, and must be topological discs with at most one puncture 
or boundary-parallel annuli. 

The last statement also follows from I3~2l If cZ(yi, 2/2) < Ai(z/), there is 
nothing to prove, so now assume that d(y±, y?) > Ai(z/). It suffices to bound 
below the number of intersections of 99(71) and 99(71). Let L(y, 1) be as in l4.2j. 
and assume without loss of generality that L(u, 1) > 1. Supppose that A%(u) 
is large enough that each of 99(71) and 99(72) contains at least one segment 
which is a qd-distance < y/a/L(u,l) from unstable and stable segments, 
respectively, of qd-length > y/aL{y, 1). Note that the number of singularities 
of the quadratic differential is bounded in terms of the topological type of 
S. So apart from length which is a bounded multiple of L{y, l)y/a, each of 
99(71) and 99(72) is a union of such segments. Then applying 14.21 each such 
segment of 99(71) intersects each such segment on 99(72). So we obtain the 
result for C\ = cqL{v, 1)~ 2 , for Co depending only on the topological type of 
S. □ 

4.5. A partial order on ltd (/3,£). The following consequence of 14.21 is 
important for the implications of our main result, 13.71 It allows us to define 
a partial order on long thick and dominants (/3,£). The meaning of this, 
in terms of our "beads" metaphor, is that as adjacent beads representing 
(cti,£i) and (0^+1,^+1) of the sequence of 13.71 cannot slide past each other, 
no two distinct beads representing (a*,^) and (ctj,£j) can change positions 
on the string. (Of course, if they could do so, the metaphor would make no 
physical sense.) 

Lemma For i = 1, 3, let yi = £ li, and let be a subsurface of S with 
\ipi{d/3i)\ < L. Let ltd parameter functions be suitably chosen given L. Let 
£2 C [2/1,2/3] and let $2 D ft 7^ for both i = 1, 3, and let 02 be ltd along £2- 
Then ft n / 0, and $2 is in the convex hull of ft and /3V 
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Proof. This is obvious unless both d/3\ and dfis intersect the interior of 
/?2- So now suppose that they both do this. First suppose that /?2 is a 
gap and long, i/-thick and dominant. Let 2/2,1 = [^2,1], 2/2,3 = [^2,3] G ^2 
with t/2,t separating £{ from ?/2; with 1/2, i distance > ^A(v) from the ends 
of £2 and from 2/2 • If /?2 is a loop, then we can take these distances to 
be > ^log-Ko- For [ip] G [y_,y + ], let ip(f3) denote the region bounded by 
ip(d/3) and homotopic to ip((3), assuming ip(df3) is in good position with 
respect to the quadratic differential at [tp] for [y_,y + ]. Then if 02 is a 
gap, ip2,i(d(3i n ^2) includes a union of segments in approximately unstable 
direction, of Poincare length bounded from 0, and similarly for ^2,^{dh^h)i 
with unstable replaced by stable. Then as in 14.41 ^{dfiz H/^) and ^2(8^1 n 
^2) cut 1(^2(^2) into topological discs with at most one puncture and annuli 
parallel to the boundary. It follows that P2 is contained in the convex hull of 
Pi and /?3. If 02 is a loop, it is simpler. We replace ^(^2) by the maximal flat 
annulus 5 , ([V']) homotopic to tptfo), for [ip] G £2- Then '02(d/?i)n<S'(['02]) is in 
approximately the unstable direction and V^^/^nSQ-i/^]) in approximately 
the stable direction. They both cross S([tp2])i so must intersect in a loop 
homotopic to i/^C^)- D 

We define (Ji\,l\) < (/?2 , ^2) if £\ is to the left of £2 (in some common 
geodesic segment) and f3i n /?2 7^ 0- We can make this definition for any 
segments in a larger common geodesic segment, and even for single points 
in a common geodesic segment. So in the same way we can define (/?i, yi) < 
(A?,^) if 2/1 is to the left of £ 2 , still with ftflft / 0, and so on. This 
ordering is transitive restricted to ltd's (/3i,£i) by the lemma. 

4.6. The graph of the qd-length function. One of the basic technical 
considerations in the study of Teichmiiller geodesies, as is probably already 
apparent, is the difference between the qd- and Poincare metrics. The two 
metrics are not globally Lipschitz equivalent. But they are Lipschitz equiv- 
alent, up to scalar, on any thick part of a surface. The Lipschitz constant 
is bounded in terms of the topological type of the surface, but the scalar is 
completely uncontrollable. This should not be regarded as a problem. One 
simply has to look at ratios of lengths rather than at absolute lengths. 

We consider a fixed geodesic segment [2/0;2/t], as in 14.11 and 13.71 We use 
the notation of l4.lt so that yt = [(ft] = [xt°^o], and qt(z)dz 2 is the quadratic 
differential at yt for d(yo,yt): the stretch of qo(z)dz 2 at yo (see !2.3p . For any 
finite loop set 7, we define the qd-length function for 7 by 

F(t,7) = log|c^(7)| t . 

By 14.7 of [13] (and I am sure this is well-known), this function has a re- 
markable property. There is £(7) G R, and a constant Cq depending only 
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on the topological type of S and a bound on the number of loops in 7, such 
that 

(4.6.1) \F(t, 7) - F(t( 7 ), 7) ~\t- t( 7 )| I < C . 

As a consequence of this, and of the theory of sectional we have the follow- 
ing. As already noted in l4.lt this wm n °t be sufficient for our purposes, but 
it is a start, and is, in fact, used in the construction of u\. 

Lemma 4.7. Fix a topological surface S and ltd parameter functions (A, r, s, Kq) 
and vq > 0. The following holds for C\ > depending only on the topo- 
logical type of S, and constants sq and L depending on the topological type 
of S and (A,r, s,Kq) and vq, where L is as in \3.5[ and for any sufficiently 
large A 1 > given these. Let [yo,yr] = [[<Po], [<Pt]] = {[ft] ■ t £ [0,T]} be 
a Teichmuller geodesic segment, and £ C [vo,Vt\ 0, segment of length > A±. 
Let (3 be disjoint from all subsurfaces a of S such that (a,£') is ltd with 
respect to (A, r, s, Kq, uq) for some H! C I. Then for all t G [0, T], 

(4.7.1) soa'(P) < \<pt(W)\l 
and hence 

(4.7.2) a' (13) < Cis Q 1 L 2 e- Al . 

Proof. Enlarge f3 if necessary, so that df3 is contained in the convex hull of 
the union of da such that (a, £') is ltd and £' C I. By 13.51 for [cp] £ b. 

(4.7.3) \^)\ < L. 

So if £ C [uo,Ut], the function F(t,d/3) = \ipt(dj3)\ t is bounded, in terms of 
L, on an interval of length > Ai. There is also a constant C$ depending 
only on the topological type of 5 such that 

\<p{i)\ q < Co|v(7)l 

for any closed loop 7 on S and [ip] G T~(S) and quadratic differential q(z)dz 2 
at [ip]. We apply this with ip = tp t and q = qt for varying t. So by (|4.6.ip . 
there is at least one t such that 

\<Pt(dp)\ t < de~^ 2 L 

Let so = so(A, r, s, Kq) > as in !3.4[ By the last part of 13.41 we have 

(4.7.4) e 2 ^) = |^(a/3)|?>s a'(/3), 



which gives (I4.7.ip . But a'(/3) is independent of t. So (I4.7.2P follows, with 
d = C 2 □ 
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4.8. Comparision between Poincare length and qd-length. Compar- 
ision between Poincare and qd-length can be made as follows. Given L\ > 
there is L2 £ R such that if 

(4.8.1) M 7 )| < L X 
then 

(4.8.2) F{t, 1 )-F{t n ')<L 2 

for all nontrivial nonperipheral 7' intersecting 7 transversely. Conversely, 
given L2 £ R, there is L\ such that (|4.8.ip holds whenever (|4.8.2p holds for 
all 7' intersecting 7 transversely. There is a similar characterisation of short 
loops. Given L 2 < 0, there is L\ > (which is small if L 2 is negatively large) 
such that, whenever (|4.8,ip holds, then (|4.8.2p holds for all 7' intersecting 
7 tranversely. Conversely, given L\ > 0, there is L 2 (which is negative if L\ 
is small) such that (|4.8. 1|) holds for 7, whenever (|4.8.2p holds for 7 and all 
7' transverse to 7. 

We now start to deal with the problem we identified in 14.11 given t, how 
to bound the intersection of <ft{0) with a segment Ci of unstable foliation of 
bounded Poincare length, for varying t. In the following series of lemmas 14.91 
- 14.121 we split up the segments of unstable foliation across <pt(P) into sets 
which are dealt with separately, some of them encased in larger subsurfaces. 
We then have to make estimates on these larger subsurfaces, and also on 
the number of them. 

Lemma 4.9. Let 7 be an arc such that <pt(j) is a segment of unstable 
foliation for one, and hence all, t. Given L there is L\ such that if v?t( 7 ) 
has Poincare length < L then </3 u ( 7 ) has Poincare length < L\ for all u < t. 
Moreover, if Eo is any Margulis constant then given C > there exists 
Ci > such that, if 7 C (tp t (S)) <eo or 7 C (<Pt(S))>e > and ftd) has 
Poincare length < C times the injectivity radius, then 92^(7) has Poincare 
length < C\ times the injectivity radius, for all u < t. 
Similar statements hold for stable segments and u>t. 

Proof. Since a segment of length < L can be split up into a number of 
segments of length bounded by the injectivity radius, where the number is 
bounded in terms of L, the first statement follows from the second. So take 
any such segment 7 of length bounded by the injectivity radius at a point on 
7, and take any closed loop ( intersecting 7. Then log |</?u(7)|« — log |v?«(C)l« 
is non-increasing for u < t. The result follows. □ 

Lemma 4.10. Given iji > and L > there exists 7/2 > depending only 
on r/i, L and the topological type of S, such that the following holds for 
any sufficiently large A± > 0. Let [3 be a gap or loop with \ift{dj3)\ < L 
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and a'(/3) < e~ Al . Then there is (3' D (3 such that a 1 '(/?') < e -( 1 "'?i) A i and 
\<Pu(df3')\ < e-^ Al for \u - t\ < rj 2 A 1 . 

Proof. Choose £o > such that no loop of Poincare length < eq is intersected 
transversely by a loop of length < L. For any 773 > sufficiently small 
depending only on the topological type of S we can find a connected union 
(3' of gaps and loops uj containing f3 such that \{pt(duj)\ < Eq, and if uj' is 
adjacent to uj and also in this union then e~ mAl < a' (uj 1 ) / a' {uj) < e mAl , but 
if uj is inside the union and uj' outside then a'(uj') > e mAl a'(uj). It follows 
that for any such uj and uj' we have 

\ift(duj' nduj)\ < e-^ /2 Ms^{a' {uj),a' {uj')). 

So then for \u — t\ < 7/3A1/4 we have 

\<p u (du' n 8uj)\ < e^ Al/4 Max(a'(w),a'(w')). 

Now there are at most p sets uj in the union, where p depends only on the 
topological type of S and hence 

a'(P') < e p,?3Al a'(/3) < e - {1 - pr '* )Al . 

So if we choose 7/3 with pr/z < 7/1 we have a'{/3') < e~( 1_T ' 1 ) Al and the bound 
on \<p u (d/3')\ holds for m = t? 3 /4. □ 

Lemma 4.11. Let \(p ui {df3)\ < L and \(p ui (dfi)\ ui _ > ±\ip Ul (d/3)\ Ul , and 
let a' ((3) < e~ Al . Then if A\ is sufficiently large given constants /jj, L 
and the topological type of S, there is an increasing sequence of subsurfaces 
(Pi : 1 < i < k) with (3 = f3\, sequences of surfaces (uJi = uJi{j3) : 1 < i < k) 
and (uj'i = uj'^P) : 1 < i < k — 1) with uj\ = f3, uj^ = 0, a decreasing sequence 
of real numbers Ui = Ui(f3), and constants L,i depending only on L and fij 
for j < i and the topological type of S, such that the following hold. 

• A \ A-i C UJi C (3i and w-CWjfl uj i+1 , so that (3 k = U^Wj \ uj i+1 . 

• \(p t (duJi)\ < Li for m < t < u^x, for 2 < i < k, |<^ Ui (7)| Ui - > 
hlfuiil) I ^ for some component 7 of Ofa with |^ Mi (7)| > 1. 

• For allt < Ui, every segment ( of unstable foliation across Lp t {^i\^i) 
has Poincare length < Li for all t < Ui, and every maximal segment 
C of unstable foliation across (ft(uJi \ uJi+i) is adjacent on each side 
to a segment (' of unstable foliation in ipt(S \ UJi) with \(\t < /jj|C'|t- 

• a'((3i + \) < CLi[i~ l a'(l3i), where C depends only on the topological 
type of S. 

• Either is strictly bigger than j3i or UJi+i is strictly smaller than 

UJi. 

• Either Uk = or every unstable segment across Lp Uk (f3k) has Poincare 
length < L^ and every unstable segment C across (p Uk (f3k) is adjacent 
to a segment (' of tp Uk (S \ f3 k ) with |C| < Hk\C\- 
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Remark Note that there is no claim that |</> Ui (/3j_i)| is bounded. 

Proof. We start the inductive definitions with f3 = fa = u\. By the Fun- 
damental Lemma 14.21 for a constant L\ depending only on L and the topo- 
logical type of S, there is a subsurface uj[ of (3 — which could be empty - 
such that | ip Ul (duj^ ) | < L\ and 

l<Ptti(<M)lui - ^ L-1 |yMi( 5w i)Ui- 

and every unstable segment across tp U \(fi \ ^i) has Poincare length < L\. 
The same estimate for u < u\ follows by 14.91 for L\ sufficiently large given 
L. 

Let fa 2 be the surface which is the union of /3 = fa and every maximal 
unstable segment £' outside j3 which is adjacent to an unstable segment £ 
across <p Ul (/3\cj 1 ), such that |C'|«i < M~ |C|«i- Then a' (fa 2 ) < (l + /i _1 )a'(/3). 
Now let /?2 be the surface containing j3' 2 such that (fa \ fa 2 ) U (fa 2 \ fa) is 
a union of discs and annuli, and such that (p Ul (dfa) is in good position. 
Let <p ui (w2) C (fuiifo) be the union of (^(u^) and the surface obtained 
by leaving out those unstable segments ( in ip Ul ((3) for which an adjacent 
unstable segment C (p Ul {S \ j3) exists on each side, with \Q\ U1 < ^K'kn 
again homotoping so that (p Ul {^2) is in good position. Thus ^p Ul {^2) is 
obtained from <p Ul (fa) by leaving out some handles with boundary which was 
in ip ui (dfa, before the good position homotopy. Then |(/? ni (o;2)| < ^ _1 Li, 
assuming that CL < L%, for a suitable constant C depending only on the 
topological type of S. 

Now we prove that a' (fa) < C^ _1 a'(/3), again assuming that C is suitably 
chosen. The surface (f Ul (fa \ & 2 ) is a union of topological discs and annuli. 
So the aim is to bound the areas of the added discs and annuli. Each 
topological disc is a polygon with each side at a constant slope to the stable 
and unstable foliation, with alternate sides tangent to the unstable foliation. 
The number of sides of each polygon is bounded by the number and type of 
singularities inside the polygon, which is bounded by the topological type 
of S. So the total number of polygons in ip Ul (fa \ fa 2 ) which have more than 
four sides is bounded by the topological type of S. 

The area of any polygon with at most four sides - a trapezium - is 
bounded by the product of the length of two adjacent sides, that is, by 
fi^ 1 times the product of the lengths of an adjacent triangle or trapezium 
in ip Ul (f3). For any of the other boundedly finitely many polygons, we fo- 
liate by unstable segments, and so obtain the polygon as a finite union of 
trapezia, such that only unstable sides of trapezia can be in the interior of 
the polygon, and sides which are not unstable segments are in ip Ul (d/3). So 
then, by induction, we obtain a bound on the area of the polygon in terms 
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of fi^ 1 times the area of adjacent trapezia in tp Ul (/3). So the area of the 
polygon is < C\^~ l a' \j3) for a suitable constant C\. 

To obtain a similar area bound for the annuli in tp U \{fii \ ^2), it suffices 
to bound the number of polygons in an annulus (p ui (A) bounded by <p ui (7) 
and 99^(7'), where 7 and 7' are homotopic components of dfo and df3' 2 
respectively. Since (p Ul (7) is in good position, we have a bound, in terms 
of the topological type of S, on the number of constant slope segments 
on y? ni (7). We need a bound on the number of constant slope segments 
on <^ui(7') which means bounding the number of segments of ip Ul {df3) and 
ip Ul (df3 2 ) on ip Ul (7'). To do this, we consider the trapezia in ip Ul ((3' 2 \(3) which 
are subsets of the boundedly finitely many trapezia in (p Ul (S\(3). Both sets 
of trapezia are foliated by unstable segments and have their other sides in 
ip Ul (d/3). No two trapezia of ip Ul ((3' 2 \ (3) can be in the same trapezium of 
<p Ul (S \ (3) and bounded by the same trapezia of So the number of 

trapezia in (p ui (f3' 2 \/3) is bounded. So the number of boundary components of 
these trapezia is bounded, and hence the number that can intersect ip Ul {^') 
is bounded. 

If (3 2 = j3\ and oo 2 = oj[ = 0, then we define k = 1. Now suppose that 
P2 7^ Pi and 0J2 7^ 0. Then choose the first U2 to be the first t < u\ such that 
1^(7)!*,- = \ 1^(7)1* f° r a component 7 of d@2 with |<^t(7)| > 1. Then, from 
the bound on |<^ Ul (cL^US '/3)\, we have \ipt(dui2)\ < L2 for 112 < t < u\, for L2 
depending only on L and fii . By the Fundamental Lemma [4. 2\ enlarging L2 
if necessary, but still depending only on L and n\, there is u' 2 C 0J2 (where 
oj' 2 is allowed to be empty) such that \ip U2 {dui' 2 )\ < L 2 , and |C| < L2 for every 
unstable segment C, across (p U2 (u)2 \ u 2 ) has Poincare length < L 2 and 

\<Pu 2 {du 2 )\ui - < L~ l \ip U2 (duj2)\u2 

We define ip U2 (f3' 3 ) to be the union of tp U2 (/32) and of all unstable segments £' 
in tp U2 (S\u2) such that (' has both endpoints in (p U2 (du2) and Q' is adjacent 
to an unstable segment £ in ip U2 {uj2 \ u 2 ) with \C'\ < fi 2 \Q. We therefore 
have a'(f3' 3 ) < /j, 2 a'(/32). We then define P3, 0J3 and L 3 from (3' 3 , ui' 2 , L 2 and 
^,2 in exactly the same way as [3 2 , L02 and L2 are defined from j3' 2 , L and //, 
and continue to define 113 and uj 3 analogously to u 2 and ui' 2 . The definition 
of Pi, Ui, ui'i, Li and Ui is exactly the same for all i > 3. The bound on a'(/3j) 
for i > 3 works in the same way as the bound on a'(/32). 

Since any sequence of subsurfaces of S of strictly increasing or strictly 
decreasing topological type is bounded - in terms of the topological type 
of 5, there is k bounded in terms of the topological type of S such that 
fi k = j3 k -i and w fc = with /3 C /3 k and a'(/3 k ) < U^a! '(/3). If Ai is 
sufficiently large, it follows that (3 k / S. □ 
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For the sets f3j = and uij = Uj(f3) as in 14. lit we have 

Lemma 4.12. Fix a Teichmuller geodesic segment £q = [y Sl ,y So ] with \£q\ < 
PiAi. The number of (3 such that \(p t (df3)\ < L fort in an interval of[si,so] 
of length > A\/pi is bounded in terms of L, p\ and the topological type of S. 
Let Ui{f3) and Ui(f3) be as in \4-ll\ The number of Ui = Ui{f3) with y Ui £ £$ 
is bounded in terms of L, p\, (fij : j < i) and the topological type of S, in 
any interval of length Ai, for any i < k = k{/3), even if y Ul ^ £q. 

Proof. The loop set d/3 is a multicurve (see 12 . X [) . that is, a set of simple 
closed loops which are homotopically disjoint and distinct. For any fixed t, 
the number of multicurves in ipt (5) of length < L is < CiL 6 f" 6+2b where 
g is the genus of S and b the number of boundary components and C\ 
is a universal constant - just depending on the Margulis constant in two 
dimensions. So by considering p\ + 1 points in Iq such that any other point 
of £q is distance < Ai from one of these, we see that the number of choices for 
P is < L(P? +1 X 6 9- 6+2fe ) if yti G t Now suppose that y Ui G £ . Ify Ul £ £ then 
so £ [uj,Uj-i] for some j < i. Since \(pt(du)j)\ < Lj for t £ [uj,Uj—i], this is 
true for t = so, and hence the number of choices for this ooj is < C\L® 9 6+2 , 
where Lj depends only on L and \iji for j' < j. Then Uj is determined from 
Uj to within a bounded distance by the property \tp u . (7)^,- > \ \f Uj (7)|«,- 
for a component 7 of ctaj with \ip Uj (7)! > 1. We also have \ip Uj (duj+i)\ < Lj. 
So the number of choices for Uj + %, given Uj, is also < dLf- 6+2b . Then 
from Wj-4.1 and the predetermined Lj + i we can determine Uj+i, and hence 
we have a bound on the number of choices for uy for all i' < i which depends 
only on pi, fj,^ for i' < i and the topological type of S. 

□ 

We now have the estimates in place to bound the intersection of unstable 
segments with "bad set", that is, the set of j3 bounded by L. But there is 
still some work to do on the complement, the "good set" because this is the 
convex hull of long thick and dominants, rather than their union. So we 
need the following. 

Lemma 4.13. Fix ltd parameter functions (A, r, s, Kq) and vq as in \3.J\ There 
is a constant M depending on these such that the following holds. Let 
^ = [yuiiVuo] £ hjOiUt] be any Teichmuller geodesic segment such that there 
is at least one ltd (a, £') with £' C £. Let £1 be the convex hull of all such 
a and let $7' be the union of all such a. Then any unstable segment ( of 
<pt(£l \ fi') is adjacent to a unstable segment £' in <pti a ) f or some ltd (a,£') 
with £' C £ with \Q'\ t > \C\t/M for all t. A similar statement holds for stable 
segments. 
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Proof. We treat the case of unstable segments. The proof for stable segments 
is exactly analogous. There are finitely may ltd's (ofj, [y Wi , j/^J) with 1 < i < 
k and uii < Wi+i and u\ < Wi for all i, such that J7j is of larger topological 
type than flj-i, where Qi is the convex hull of L)j<ia.j and f^o = 0; an d 
there is no ltd (a,£) such that a has essential intersection with f2j \ fJj-i 
and t C [y Ul ,ywi\- We say that Qj is visible from y ui , meaning that parts 
of it are. The visibility property means that, by 13.51 there is a constant L\ 
depending only on (A, r, s, Kq, uq) and the topological type of S such that 
\ip u (dfti)\ < L\ for u\ < u < max(vi,Wi + i), for each i. 

We then aim to show inductively that, for a constant c > depending 
only on (A, r, s, Kq, uq) and the topological type of S, and any unstable 
segment £ across ip u (Qi), 

(4.13.1) |CU > c|Cn(U i <^ M (a i ))k 

for all u, and all i, and, if 7 is a component of d£li such that (p u (l) contains 
an endpoint of (, then, if u > w^, 

(4.13.2) \Vu{l)\u > c\C\u- 

These statements suffice, because 7 is a union of boundedly finitely many 
segments in the sets ctj for j < i, where, for each j, each segment of 7 n aj 
is disjoint from all ltd's (a', I') with £' C [y Ul ,ywj]- In both cases, if the 
inequalities hold for u = Wi, they hold for all claimed u. For (14.13. ip . this 
is because for different u, the two sides of the inequality are scaled by the 
same factor. For (|4. 13.2 j) . the lefthand side of the inequality is obtained 
from that for u = Wi by multiplying by e u ~ Wi and the right-hand side is 
obtained by mutliplying by at most e u ~ Wi . The statements are trivially 
true for Qi = a%, by considering u = w\. So we consider the inductive 
statements. We assume they are true for Vti-i with i > 2. Now </? u (J7j) is 
obtained from </? u (f2j_i U a{) by adding annuli and topological discs, each of 
which is bounded by transversally intersecting components of ip u (d£li-i) and 
(p u (dai). For u = Wi, if 7 and 7' are transversally intersecting components 
of d£li-i and dcti, then |y u (7)| and |<^u(7')| (that is, the Poincare lengths) 
are boundedly proportional, with bound depending on the ltd parameter 
functions. Therefore 1^^(7)1^ and \^Pw i {l')\wi are also boundedly propor- 
tional. So (|4.13.2p is true by induction — possibly after modfifying c, but 
since this only has to be done for each i and the number of i is bounded in 
terms of the topological type of S, this is allowed. Unstable segments across 
any added topological disc or annulus have qd-length bounded by a constant 
times \^Pw i ( r y)\w l for any component 7 of <9f2j_i or dai such that ¥^(7) in- 
tersects the boundary of this disc or annulus. This is less than CijCI^ for 
any adjacent unstable segment £ in tp Wi (Oj_i), by (14.13. 2p for i — 1 replacing 
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i, and for any unstable segment C i n tpwii&i), since (cti[y w .,y Vi \) is ltd. So 
we obtain 

ICU > ci|Cn y Wi {VLi-i U ati)\ Wi , 
for a suitable Ci > 0, and then (|4. 13. 1 j) also follows, by induction. 

□ 

4.14. Proof of 13. 7t construction of the sequences. For 1 < i < Ro, 

some Ro, we shall find sequences U, Qj, Ci> such that the following hold. 
We start by choosing t± with < t\ < Ao/2. But after that, to simplify 
the writing, we assume that ti = 0. In the most technical property, 5, the 
constant [i is as in 14.111 an d p is any integer such that 1/p < r/2/3, for r]2 as 
in 14.101 For any suitable /i and p, property 5 will be obtained if Ao is large 
enough. 

1. (Qj, £i) is ltd at yt t £/;C [yo, yr] with respect to (A, r, s, K$), in the 
first quarter of li if oti is a loop, and a'(ai) > e~ A °/ 2 . 

2. 0+1 C Ci and Ci C ^o(ai) if a; is a gap, and Ci C <p (A(an)) if a>i is 
a loop, where (pt(A(cti)) is the flat annulus in the gj-metric which is 
homotopic to </?t(a). 

3. Writing ti = 0, for all i > 1, Xt;(Ci) is a segment of the unstable 
foliation of the quadratic differential qt i {z)dz 2 whose Poincare length 
is boundedly proportional to the injectivity radius at that point of 
<Pu(S). 

4. ti < A /2 and t Ro > T-A . For all 1 < % < R , U < t i+1 < U + A . 

5. Each segment ^(7) of Xu(Ci) n (p tl (^j(P) \ Uj+i{/3)) is adjacent to 
a segment of Xu(d) \ (fui^jW) \ u} j+1 (f3))) whose (Poincare or qd) 
length is at least \x - times more, for any /3 with a'(/3) < e~ A °/ 3 
and \(pt(d/3)\ < L for \t — uo| < Ao/p and no = uo(j3) > t.- L + A$. If 
bti(7)k > M _1 |Xti(Ci)ki for such a 7, then ^(7) n Xt(Ci+i) = for 
all t. 

1,2 and 4 give the proof of 13.71 apart from a! (on) > 5q, since, by 2, we 
have 

Cj c (p tl (ai) 

for all i < j. 3 and 5 are needed for the inductive process. The notation of 
Property 5 comes from I4.1T1 

Note that property 5 implies that a'(cej) > e " 5A o/i4^ wi^h gives a'(ai) > 
S , if 5 Q = e - 5A °/ 14 . For if a'(ai) < e~ 5Ao / 14 , then by \£M there is /3 D a 
with M<9/3)| < e - A °/ p for < A /p and a'(/3) < e~ A °/ 3 , for a suitably 

chosen p depending only on the topological type of S. But then by Property 
5 for this /3, and the properties of unstable segment across (pt(wj \ Uj+i) 
of 14. 11|, Ci is not contained in Uj(po(uij(/3) \ ujj + i(f3)), assuming the fij grow 
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sufficiently fast. But since f3 C UjUJj(/3)\ujj+i(l3), this gives the contradiction 
that a is not contained in /?. So we do have a'(a;) > e " 5A o/i4_ Then 

since 

XuiCi) has Poincare length bounded from if on is a gap and boundedly 
proportional to the injectivity radius if aj is a loop, we obtain |xt»(Ci)|tj > 
e -5Ao/29 j n both cases, provided that, when 0/4 is a loop, we choose tj such 
that is towards the right end of the segment £{ along which (ctj,^,) is ltd, 
which we can do by inserting extra points tj with j < i ytj £ £i = £j and 
OLj = cti, if necessary. Now if t is chosen so that t{ + Aq/2 < t < t{ + Ao, 
and C C Ci is an y segment such that |x*(C)l is bounded, then |xt(C)|t is a l so 
bounded, and \xuiQ\u < e" Ao/2 |Xt(C)|t- So 

(4-14.1) |x*,(C)k/|xt ( (Ci)k<e- A «»/ 4 . 

In particular, (14.14. ip holds if U + A /2 < t < t{ + A and Xt(C) is an 
unstable segment of bounded length in (ft(a), where (a, £) is ltd with [^] € £ 
(I4.14.ip also holds if t = ij + Aq/2, and Xt(C) is an unstable segment across 
<pt(®> \ ^Oj where ^' is the union of all a such that (a,£) is ltd for some 
£ C [j/tj+Ao/zyti+AoL an< l ^ is the convex hull of Q'. This is because, if a is 
any component of \ £1' — and hence a is a disc or annulus - then \ipt{do)\ 
is bounded, (j4.14.lj) is also true if Xt(C) is the union of a (possibly empty) 
segment across <pt(£l \ fi') and an adjacent segment xt(C')i n ft{ct) f° r an a 
such that (a,£) is ltd with £ C [y il+ A /2, 2^+Ao], with Xt{(% > \Xt(()t/M, 
and such that Xt(C') has Poincare length at least multiple bounded form 
injectivity radius at any point of Xt(C')> f° r an y [ft] £ £■ 
In what follows, we write Xt(d) H <£>t(fi) as 

U f eAXt(C) 

for one, and hence any i, for a set 4 of such segments, that is, including a 
segment of some ipo(a), where any two distinct segments in A have disjoint 
interiors. 

The argument for finding (a±, £\) is different from the argument for (ctj, £/) 
for i > 1. We take our fixed ltd parameters (A, r, s, Kq). Let z/o be as given 
by 13.41 and L be given by 13.51 for (A,r, s,Kq) and i^o- Let Lq be such that 
Lj < £0 f° r a h £j arising as in 14.111 In what follows, we are going to apply 
K9\ to 14421 with Ai = A /3. ByE31 we can choose (ai,£i) which is ltd with 
respect to (A,r, s,Kq), with £\ C [yo,UA ], such that a'(ai) > cq, where 
Co depends only on the topological type of S. Now if a D 7^ for 

some /3 as in Property 5 and Uj((3) < t\ + Ao/p < Uj_i(/3) then afl^' / 
for some /?' D ^(/3) with a'(/3') < e" A °/ 4 and \f t (d/3')\ < e~ A °/P for 
\t — ii| < Ao/p. Then 5/3' n a 7^ if vq > e~^^ p , as we can assume by 
taking Ao sufficiently large, and a C /?', which is impossible. On the other 
hand if Uj(/3) > t\ + Ao/p then we see that for any segment ^(7) across 
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cp tl (ujj(P) we have |yti Ct)I*i ^ e ~ A °^ 2p \Ci\- Hence every segment 

¥^(7) is adjacent to a segment (' C Ci \ V^i ( w j (/3) \ ^j+liP)) on at least 
one side with (^1(7) < MilC'ku an d hence Property 5 holds for £1, provided 
that e~ Ao//2p < /Xj/3, which is true provided that Ao is large enough given 
Hj (for all j) and p. 

Now given aj and Ci ; we need to find aj + i and ti + \ and Ci+i- We use the 
inductively obtained properties of Ci, and the bounds this gives on segments 
C C Ci fo r which |xt(C)l is bounded for some t > ij, as described above. We 
let Bj be the set of all segments 7 of ujj(f3) \ ujj + i(f3), for all f3, such that 
a'{fi) < e- A °/ 3 and u (j3) > U and \(f>t(dp)\ < e~ A °/P for \t-u (f3)\ < A /p. 
and ip t {(jjj{l3) \ ujj + i(/3)) n Xt(d) 7^ 0> (f° r one ) hence any, t). Let Bj be the 
set of all such segments 7 such that ¥^(7) is not adjacent to a segment of 
Xt;(Ci) which is outside ip ti {ujj{f3) \ ojj+i((3)) and /ij" 1 times longer. Let 

Bj = Bj \ Bj, B 1 = U j Bj, B 2 = UjB], B = UjBj = B 1 U B 2 . 

By the properties of the sets coj(P) \ Wj + i(/3) described in 14.111 the number 

of elements of Bj is bounded by the number of different (/3,i), which, by 

14.121 is Nj, where Nj depends only on fij> for j' < j. So, by choice of \ij, 
1/2 

we can take Njfij as small as we like. By Property 5, we have, for any t, 

7GB 1 i 
By the properties of the set Wj(/3) \ Wj+i(/3) of 14.111 we have 

E Mt) n xtCCOIt < E^ • lx*(C*)U 

7GB 2 j 

We have 

Xt(Ci) C (U 76B ^(B)) U (U fG AXt(0) 
(for any i) and hence, since segments in A have disjoint interiors, we have 

E lx*CC)l* > \xt(&)\t - E I^W ^ |lx*(COI*- 

assuming that //j is sufficiently small given Nj, for each j, that 

j 

Now for j4 as above, let 

A' = {( £ A,j £ B 1 : Xti (C) H fti (7) ^ 0} 
then assuming that e _Ao//4 < fi^ 2 for all j and t, 

E ix*(Oi* < 2 E 1^(7)1* 

CGA' 7GB 1 
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<2^iV^ 1/2 .| Xt (C l )k. 

j 

For any K > 0, if 

A K * = {(eA: \ X t(0 n <M7)|* > lC|xt(C)l* for some 7 G B?} 

then 

E IMOU^k- 1 Y, lxt(C)n(u 7eB| ^( 7 ))| t 

^if- 1 ^(Tjlt^^-^-MilxtCOIf 
7 eBf 

Now put A j = A K ' j for K = fi] /2 /M, for M as in lTOl We have 
E \Xt(0\t<N j M fJ }/ 2 \ Xt (Ci)\t. 

So 

E E ix«(oi* + E ix*(oi« < (2 + m) e ^-% /2 • \xt(&)\t 

j CgAj cgA' j 

<2(2 + Af)E^ 1/2 -El^(Olf 
So assuming that [ij is big enough given Nj for each j, and given M, so that 

4(2 + M)E^ 1/2 <l, 

i 

we have 

A\(A' Uji 3 )^. 

We choose any ( G i \ (A' Uj A- 7 ) and, using the definition of A, let (a,£) 
be any ltd with £ C and let £' be such that Xt(C') c 

Xt(C) !"! ¥>t( a ) fo r an Y * an( i Xt(C') has Poincare length which is boundedly 
proportional to the injectivity radius for some yt = [tpt] G £■ By the defini- 
tion of segments of A, such an (a, £) does exist. Then, since £ ^ A', 

Xt(C') n ^(7) = for all 7GB 1 , 
and since £ ^ A? for any j, we have, for all 7 G -B?, for any j, and any t 

MC')n^(7)lt< VH\xt((%- 

Then we take a = cej+i, £ = £j_|_i and Ci+i = C'> an d choose ij+i = t so that 
yt & £ and Xt(C') has Poincare length which is boundedly proportional to 
the injectivity radius. Then all the required properties hold for (ai + \,£i + i), 
ti + i and Ci+lj including Property 5. O 
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